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Abstract. In this paper, effects of heat and mass transfer on two-phase pulsatile blood flow
through a narrowed stenosed artery with radiation and the chemical reaction has been investigated.
A vertical artery is assumed in which magnetic field is applied along the radial direction of the artery.
The characteristics of blood in narrow arteries are analyzed by considering blood as Newtonian fluid
in both core as well as in plasma regions. Exact solutions have been found for velocity, energy and
concentration equations of the blood flow. To understand the behavior of blood flow, graphs of
velocity profile, wall shear stress, flow rate, flow impedance and concentration profile have been
portrayed for different values of the magnetic and radiation parameter. In order to validate our
result, a comparative study has been presented between the single-phase and two-phase model of the
blood flow and it is observed that the two-phase model fits more accurately with the experimental
data than the single phase model. For pulsatile flow, the phase difference between the pressure
gradient and flow rate has been displayed with magnetic field parameter and height of the stenosis.
Contour plots have been plotted for 10%, 20% and 30% case of an arterial blockage.
Keywords: Two-phase flow, stenosis, magnetohydrodynamic (MHD), chemical reaction, radiation,
pulsatile flow.
1. Introduction
The study of blood flow through arteries is of considerable importance in many cardiovascular
diseases. A major characteristic of the blood depends upon the hematocrit level as it is the per-
centage of whole blood occupies by the red blood cells(RBC) [1]. Hematocrit level of the blood
flow in the artery depends upon the diameter of the artery, and this relationship has important
implications for physiological phenomena related to blood flow. Fahraeus effect explains this rela-
tionship which states that as the value of arterial diameter decreases, the hematocrit level present
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in the artery also decreases. In the arteries having the diameter less than 500 µm, erythrocytes
move towards the center of the artery and thus forming the cell depleted plasma layer near the
wall [2, 3] due to the Fahraeus effect. In smaller arteries, the existence of cell-free plasma layer
near the arterial wall and the higher concentration of red blood cell near the center, blood flow is
considered as two-phase fluid flow [4]. Cokelet and Goldsmith [5] through In vitro analysis found
that the two-phase flow of a suspension may lead to a decrease in hydrodynamic resistance for a
tube of 172-µm diameter. Saran and Popel [6] presented a two-phase model of blood flow in narrow
arteries assuming different viscosity of core region and plasma regions. Through their work, it is
noticed that the effective viscosity of the plasma region increases as the level of the hematocrit
increases due to the dissipation of energy.
Atherosclerosis or stenosis is the important cause of death in various countries. There is a
significant proof that vascular fluid mechanics plays a key role in the progression and development
of arterial stenosis, which is one of the most common diseases in mammals [7]. Cardiovascular
system transports nutrients and waste product from one body part to other. To supply proper
oxygen-rich blood to all the tissues through arteries an adequate blood circulation is necessary [8].
Many researchers have studied various aspects of blood flow in normal diseases arteries and blood
flow in arteries having a single stenosis. To analyze the two-phase blood flow behavior under
these hemodynamical disturbances, Ponalagusamy [9] stabilized the two-fluid model for blood flow
through a tapered stenotic artery considering core region as couple stress fluid and a peripheral
region of plasma as a Newtonian fluid. The author reported that wall shear stress is high in the case
of converging tapered stenosis and it is low in the case of non-tapered diverging stenosis. Further,
for the case of symmetric and axisymmetric stenosis, Sankar [10] proposed a mathematical model
for two-phase blood flow and investigated that presence of cell-depleted peripheral layer near the
wall helps in the functioning of the diseased arterial system. Many authors explored the two-phase
blood flow modeling of the stenosed artery considering the extra effect of the magnetic field.
Magnetohydrodynamics (MHD) is to study the motion of highly conducting fluid under the
influence of the magnetic field. The magnetic field with Newtonian fluid and non-Newtonian fluids
has wide applications in chemical engineering, bio-fluid mechanics and various industries. If a
magnetic field is applied to a moving electrically conducting liquid, it induces electric and magnetic
fields. Haik et al. [11] reported a 30% decrease in blood flow rate when subjected to a high magnetic
field of 10T while Yadav et al. [12] showed a similar reduction in blood flow rate but at a much
smaller magnetic field of 0.002T . The interaction of these fields produces a body force known as the
Lorentz force which has a tendency to oppose the movement of the liquid [13–15]. In the artery to
recognize the existence of the stenosis, a non-invasive technique based on MRI devices is used [16].
The MRI device uses the strong magnetic field to work and when performs over the particular
area of our body it affects the velocity field of that area. Many researchers have been shown the
effects of magnetization on the arterial vessel by considering the two-phase fluid model of the blood
flow. Ponalagusamy and Selvi [17] examined the effect of magnetic field on the two-phase model of
oscillatory blood flow assuming both core and plasma regions as a Newtonian fluid in the presence
of an arterial stenosis. The authors reported in their study that as the value of the magnetic
field increases, the flow resistance of the blood flow in the stenosed artery also increases. Further,
Ponalagusamy and Priyadharshini [18] discussed the effect of magnetic field on two-phase blood
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flow through a tapered stenosed artery, assuming micropolar fluid in the core region and Newtonian
fluid in the plasma region. A mathematical model presented by Mirza et al. [19] analyzed the effect
of magnetic field on a transient laminar electromagneto-hydrodynamic two-phase blood flow using
a continuum approach. Solving the model analytically they displayed the effect of the magnetic
field for both blood velocity and particles velocity separately and concluded that as the effects
of the magnetic field increases, both blood and particles velocities decrease for electromagneto-
hydrodynamic two-phase blood flow.
The radiation effect in blood is of significant interest to clinicians in the therapeutic procedure
of hyperthermia, which has a well-recognized effect in oncology. In pathological situations, thermal
radiation therapy is one of the treatments employed by the medical practitioners [20,21]. Its effect
is achieved by overheating the cancerous tissues [22] by means of electromagnetic radiation. The
procedure involves transmitting heat below the skin surface into tissues and muscles. Deep heat
speeds up healing by increasing blood flow to the injury. In the past few decades, the study
of the aggregated effects of heat and mass transfer on bio-fluids has got quite fascinating to the
researchers both from the theoretical and observational or clinical perspective. Heat and mass
transfer of blood flow considering its pulsatile hydromagnetic rheological nature under the presence
of viscous dissipation and Joule heating discussed by Sharma et al. [23,24]. Sinha and Shit [25] have
investigated the combined effects of thermal radiation and MHD heat transfer blood flow through
a capillary. Recently, Tripathi and Sharma [26] discussed the effect of heat and mass transfer on
the two-phase model of the blood flow through a horizontal stenosed artery. The blood flow is
considered as Newtonian fluid in both the core and the plasma region.
There are many important technological problems that concern the flow of chemically-reacting
fluid mixtures. Many biological fluid systems are examples of such mixtures. For example, blood
is a complex mixture of plasma, proteins, cells, and a variety of other chemicals which is modeled
usually in a homogenized sense as a single constituent fluid. Blood is maintained in a delicate
balance by a variety of chemical reactions, some that aid its coagulation and others its dissolution.
Coulson and Hernandez [27] carried out an experimental study that depicts the metabolic activities
in the presence of chemical reactions. They made an important observation due to the injection of
certain drugs, hormones and metabolites, and there occurs a considerable increase in the plasma
concentration of reactants. Xu et al. [28] developed a theoretical model to study the impact of
blood flow on the growth of thrombi, by considering the interaction between different constituents
of blood and chemical reaction. Recently, Sharma and Gaur [29] studied the effect of variable
viscosity on chemically reacting magneto-blood flow with heat and mass transfer.
Above mentioned studies, either were focused on analyzing momentum and heat transfer phe-
nomenon for two-phase models of blood flow or mass transfer for a single phase with the horizontal
artery. To the best knowledge of authors, combined effects of heat and mass transfer on MHD
two-phase blood flow through the stenosed artery with radiation and chemical reaction have not
been examined earlier. Therefore, the present article analyzes the effects of radiation, chemical re-
action and the external applied the magnetic field on the two-phase of blood flow considering mild
stenosis in the artery. The exact solutions for the velocity, temperature and concentration have
been found out for both core and plasma regions. To get physical insight into the problem, velocity
profile, flow resistance, total flow rate, wall shear stress, temperature and concentration profiles
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have been examined taking different values of magnetic field, the ratio of the viscosity parameter
and radiation parameter. A comparative study has been done with experimental data to show the
effectiveness of the two-phase model of blood flow and it is observed that the two-phase model fits
more appropriately with the experimental data as compared to single phase model.
2. The Mathematical Formulation
Consider the continuum model of unsteady, incompressible, pulsatile two-phase blood flow through
a vertically stenosed coronary artery of length L in the presence of applied magnetic field M as
shown in Figure 1. In the cylindrical artery of radius r, the two-phase model of blood flow consists
of a core region of radius rc which contains erythrocytes (a suspension of the uniform hematocrit of
viscosity µ¯c ) and a plasma region of radius rp having the cell-depleted plasma layer with viscosity
µ¯p. The viscosities of the fluid for core and plasma regions are given by
µ¯(r¯) =
{
µ¯c for 0 ≤ r ≤ rc(z¯),
µ¯p for rc(z¯) ≤ rp(z¯).
Note that the artery is assumed to be of cylindrical shape with (u¯c, v¯c, w¯c) as the velocity compo-
nents for core region and (u¯p, v¯p, w¯p) as the velocity components for plasma region along (r¯, θ¯, z¯)
direction in the cylindrical coordinates. Shear stresses are considered high enough so that the fluid
can be treated as Newtonian in both the regions [6]. Let T¯w and C¯w be the temperature and
concentration of the outer wall of the artery, respectively. The temperature T¯w is assumed high
enough at the wall to induce radiative heat transfer.
Figure 1. Geometry of the vertical stenosed artery of length L¯
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Geometry of the stenosis in plasma region, which is assumed symmetric about the radial direction,
is defined as [30],
R¯(z¯)
R¯0
=
1− δ¯sn
n
n−1
R¯0L¯n0 (n−1)
(
L¯n−10 (z¯ − d¯)− (z¯ − d¯)n
)
for d¯ ≤ z¯ ≤ d¯+ L¯0,
1, otherwise,
(1)
and in core region geometry of the stenosis is defined as [31],
R¯1(z¯)
R¯0
=
β − δ¯sn
n
n−1
R¯0L¯n0 (n−1)
(
L¯n−10 (z¯ − d¯)− (z¯ − d¯)n
)
for d¯ ≤ z¯ ≤ d¯+ L¯0,
β, otherwise,
(2)
where L¯0 is the length of the stenosis, β is the ratio of the central core radius to the normal artery
radius, R¯0 is the radius of the artery and n determines the shape of the constriction profile [32]
and δ¯s indicates the maximum height of the stenosis located at
z¯ = d¯+
L¯0
n
1
(n−1)
. (3)
For the symmetric case, i.e., n = 2, maximum height of the stenosis occurs at mid point of the
stenotic region
z¯ = d¯+
L¯0
2
.
The fluid flow in both the regions is in the axial direction and the applied magnetic field is acting
perpendicular to the flow direction. Under these assumptions, the equations for momentum, energy
and concentration for the core region are given by
ρ¯c
∂u¯c
∂t¯
= −∂p¯
∂z¯
+ µ¯c
(
∂2u¯c
∂r¯2
+
1
r¯
∂u¯c
∂r¯
)
− σ¯B¯02u¯c + g¯ρ¯cβ¯
(
T¯c − T¯0
)
+ g¯ρ¯cγ¯
(
C¯c − C¯0
)
, (4)
ρ¯cc¯c
∂T¯c
∂t¯
= K¯c
(
∂2T¯c
∂r¯2
+
1
r¯
∂T¯c
∂r¯
)
− ∂q¯c
∂r¯
, (5)
∂C¯c
∂t¯
= D¯c
(
∂2C¯c
∂r¯2
+
1
r¯
∂C¯c
∂r¯
)
− E¯′c
(
C¯c − C¯0
)
, (6)
where B¯0 is the magnetic field intensity, σ¯ is the electrical conductivity,
∂p¯
∂z¯ represents the pressure
gradient, D¯c is the coefficient of mass diffusivity, ρ¯c is the density, c¯c is the specific heat, E¯′c is the
chemical reaction parameter, K¯c is the thermal conductivity, u¯c is the velocity of the fluid in radial
direction, T¯c is the temperature and C¯c is the concentration of fluid(blood) in the core region.
Similarly, the governing equations of momentum, energy and concentration for plasma region
are given by
ρ¯p
∂u¯p
∂t¯
= −∂p¯
∂z¯
+ µ¯p
(
∂2u¯p
∂r¯2
+
1
r¯
∂u¯p
∂r¯
)
− σ¯B¯02u¯p + g¯ρ¯pβ¯
(
T¯p − T¯0
)
+ g¯ρ¯pγ¯
(
C¯p − C¯0
)
, (7)
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ρ¯pc¯p
∂T¯p
∂t¯
= K¯p
(
∂2T¯p
∂r¯2
+
1
r¯
∂T¯p
∂r¯
)
− ∂q¯p
∂r¯
, (8)
∂C¯p
∂t¯
= D¯p
(
∂2C¯p
∂r¯2
+
1
r¯
∂C¯p
∂r¯
)
− E¯′p
(
C¯p − C¯0
)
, (9)
where D¯p is the coefficient of mass diffusivity, ρ¯p is the density, c¯p is the specific heat, E¯′p is the
chemical reaction parameter and K¯p is the thermal conductivity of plasma in the peripheral region.
Remark 2.1. Terms ∂q¯c∂r¯ in Eq. (5) and
∂q¯p
∂r¯ in Eq. (8) are due to the radiation effect of heat transfer,
where q¯c and q¯p represent the radiative heat flux in core and plasma regions respectively.
The conservation equation of the radiative heat transfer for all wavelength in a unit volume is
described as [33]
∇.q¯c =
∫ ∞
0
Kλ(T¯ )(4eλh(T¯ )−Gλ)dλ, (10)
where eλh is the Plank’s function, Gλ is the incident radiation, i.e.,
Gλ =
1
pi
∫
4pi
eλ(Ω)dΩ,
and the injection parameter λ is given by [34]
λ =
u0R0
µ
.
Now, according to the Kirchhoff’s law, the conserved radiative heat transfer Eq. (10) for an incident
radiation Gλ = 4eλh(T0) specializes to
∇.q¯c = 4
∫ ∞
0
Kλ(T¯ )(eλh(T¯ )− eλh ¯(T0))dλ. (11)
Subsequently, using Taylor series expansion of Kλ(T¯ ) and eλh(T0), Eq. (11) can be written as
∇.q¯c = 4(T¯ − T¯0)
∫ ∞
0
Kλ0
(
∂eλh
∂T
)
0
dλ, (12)
where Kλ0 = Kλ
¯(T0). Further, assuming αc
2 =
∫∞
0 Kλ0
(
∂eλh
∂T
)
0
dλ, Eq. (12) reduces to
∇.q¯c = 4(T¯ − T¯0)αc2.
Therefore, the radiative heat fluxes for core and plasma regions respectively can be expressed as
∂q¯c
∂r¯
= 4α¯c
2
(
T¯c − T¯0
)
,
∂q¯p
∂r¯
= 4α¯p
2
(
T¯p − T¯0
)
, (13)
where q¯c and q¯p represent the radiative heat transfer coefficients, and α¯c and α¯p are the mean
radiation absorption coefficients for core and plasma regions respectively.
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Remark 2.2. Note that the mean radiation absorption coefficients barαc and α¯p , in general, are
considered less than unity (α¯  1) in view of the fact that fluids like plasma and blood in the
physiological conditions are optically thin with low density [35].
To solve the momentum, energy and concentration equations of the two-phase model of the
blood flow no-slip boundary conditions are considered on the arterial wall. It is assumed that the
functions of velocity, temperature and concentration are continuous at the interface of core and
plasma regions so their values of both core and plasma regions are equal at that point and due
to symmetry their gradient vanishes along with the axis. It is considered that at the interface of
core and plasma regions heat and mass transfer effects are the same for both the regions [6]. The
appropriate boundary conditions for the model under consideration are as follows:
u¯p = 0, T¯p = T¯w, C¯p = C¯w at r¯ = R¯(z¯)
u¯c = u¯p, T¯p = T¯c, C¯p = C¯c at r¯ = R¯1(z¯)
∂u¯c
∂r¯ = 0,
∂T¯c
∂r¯ = 0,
∂C¯c
∂r¯ = 0 at r¯ = 0
τ¯c = τ¯p,
∂T¯c
∂r¯ =
∂T¯p
∂r¯ ,
∂C¯c
∂r¯ =
∂C¯p
∂r¯ at r¯ = R¯1(z¯).
(14)
Now, introducing the following dimensionless parameters:
uc :=
u¯c
u¯0
, r :=
r¯
R¯0
, z :=
z¯
R¯0
, t := ω¯t¯, R(z) :=
R¯(z¯)
R¯0
, R1(z) :=
R¯1(z¯)
R¯0
,
p :=
R¯0p¯
u¯0µ¯p
, Re :=
ρ¯pR¯0
2
ω
µ¯p
, θc :=
(T¯c − T¯0)
T¯w − T¯0 , σc
:=
(C¯c − C¯0)
C¯w − C¯0 , up
:=
u¯p
u¯0
,
δ :=
δ¯s
R¯0
θp :=
(T¯p − T¯0)
T¯w − T¯0 , N
2 :=
4R¯0
2
α¯p
2
K¯p
, M2 :=
σ¯B¯0
2
R¯0
2
µ¯p
, σp :=
(C¯p − C¯0)
C¯w − C¯0 ,
Pe :=
ρ¯pc¯pR¯0
2
ω¯
K¯p
, Sc :=
µ¯p
D¯pρ¯p
, Gr :=
g¯ρ¯pβ¯R¯0
2 (
T¯w − T¯0
)
u¯0µ¯p
, D0 :=
D¯p
D¯c
,
τc :=
τ¯cR¯0
2
u¯0µ¯p
, τp :=
τ¯pR¯0
2
u¯0µ¯p
, ρ0 :=
ρ¯p
ρ¯c
, µ0 :=
µ¯p
µ¯c
, E¯′p :=
Eµ¯p
ρ¯pR¯0
2 , E0 :=
E¯p
E¯c
.
The equations of momentum, energy and concentration Eqs. (4)-(6) of the core region is represented
in terms of these non-dimensional parameters as(
Re
ρ0
)
∂uc
∂t
= −∂p
∂z
+
1
µ0
(
∂2uc
∂r2
+
1
r
∂uc
∂r
)
−M2uc +
(
Gr
ρ0
)
θc +
(
Gm
ρ0
)
σc, (15)
PeK0
ρ0s0
(
∂θc
∂t
)
=
(
∂2θc
∂r2
+
1
r
∂θc
∂r
)
− K0
α0
N2θc, (16)
Re
(
∂σc
∂t
)
=
1
D0
(
1
Sc
)(
∂2σc
∂r2
+
1
r
∂σc
∂r
)
− E
E0
σc, (17)
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and, equations of momentum, energy and concentration Eqs. (7)-(9) of the plasma region is repre-
sented in terms of these non-dimensional parameters as
Re
∂up
∂t
= −∂p
∂z
+
(
∂2up
∂r2
+
1
r
∂up
∂r
)
−M2up +Grθp +Gmσp, (18)
Pe
∂θp
∂t
=
(
∂2θp
∂r2
+
1
r
∂θp
∂r
)
−N2θp, (19)
Re
(
∂σp
∂t
)
=
(
1
Sc
)(
∂2σp
∂r2
+
1
r
∂σp
∂r
)
− Eσp, (20)
where α0 is the ratio of the mean radiation absorption coefficient in the plasma region to mean
radiation absorption coefficient in the core region, K0 is the ratio of thermal conductivity of plasma
to core region, s0 is the specific heat ratio of plasma to core region, E0 is the ratio of chemical moles
present in the plasma region to chemical moles in the core region and N , M and E are factors of
thermal radiation, applied magnetic field and chemical reaction for both core and plasma regions.
The dimensionless form of the geometry of the stenosis in core and plasma regions are given by
R(z) =
{
1− η ((z − l)− (z − l)n) for l ≤ z ≤ 1 + l,
1 otherwise,
(21)
R1(z) =
{
β − η ((z − l)− (z − l)n) for l ≤ z ≤ 1 + l,
β otherwise,
(22)
where
η =
δn
n
n−1
(n− 1) , l =
d¯
L¯0
, δ =
δ¯s
R¯0
.
and the corresponding boundary conditions Eq. (14) in non-dimensional form for both core and
plasma regions are given as
up = 0, θp = 1, σp = 1 at r = R(z),
up = uc, θp = θc, σp = σc at r = R1(z),
τc = τp,
∂θc
∂r =
∂θp
∂r ,
∂σc
∂r =
∂σp
∂r at r = R1(z),
∂uc
∂r = 0,
∂θc
∂r = 0,
∂σc
∂r = 0 at r = 0.
(23)
3. Solution of the problem
In view of the fact that the pumping action of the heart results in a pulsatile blood flow, pressure
gradient can be represented as
−∂p
∂z
= P0e
iω¯t¯,
where P0 represents the constant pressure. This assumption is limited to cases of harmonic oscil-
latory motion [36].
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As Eqs. (15)-(20) are linear, we are allowed to express velocity, temperature and concentration
in the form of:  uc(r, t) = uc0(r)e
iωt, up(r, t) = up0(r)e
iωt,
θc(r, t) = θc0(r)e
iωt, θp(r, t) = θp0(r)e
iωt,
σc(r, t) = σc0(r)e
iωt, σp(r, t) = σp0(r)e
iωt.
(24)
Therefore, using Eq. (24), Eqs. (15)-(17) can be reduced as(
∂2uc0
∂r2
+
1
r
∂uc0
∂r
)
−
(
M2 +
µ0Re
ρ0
i
)
uc0 = −
(
P0 +
Grθc0
ρ0
+
Gmσc0
ρ0
)
µ0, (25)
∂2θc0
∂r2
+
1
r
∂θc0
∂r
−
(
K0N
2
α0
+ i
Pe
ρ0
(
K0
s0
))
θc0 = 0, (26)
∂2σc0
∂r2
+
1
r
∂σc0
∂r
−
(
iReD0Sc +
E
E0
D0Sc
)
σc0 = 0. (27)
Similarly, substituting Eq. (24) into Eqs. (18)-(20), we get(
∂2up0
∂r2
+
1
r
∂up0
∂r
)
− (M2 +Rei)up0 = −(P0 + Grθp0ρ0 + Gmσp0ρ0
)
, (28)
∂2θp0
∂r2
+
1
r
∂θp0
∂r
− (N2 + iPe) θp0 = 0, (29)
∂2σp0
∂r2
+
1
r
∂σp0
∂r
− (iReSc + ESc)σp0 = 0. (30)
To find the solution of Eqs. (26) and (29) under the given boundary conditions Eq. (23), we rewrite
the energy equations of core and plasma regions in standard Bessel differential equations form as
∂2θc0
∂r2
+
1
r
∂θc0
∂r
+ β1θc0 = 0, (31)
∂2θp0
∂r2
+
1
r
∂θp0
∂r
+ β2θp0 = 0, (32)
Hence, the solution of energy equations using Bessel functions for core and plasma regions re-
spectively, are
θc0(r) =
[
U1
(√
β2Y1(
√
β2R1)
U3Y0(
√
β2R)
−
√
β1U2J1(
√
β1R1)
U3
)
+ U2
]
J0(
√
β1(r)), (33)
θp0(r) =
[(√
β2Y1(
√
β2R1)
U3Y0(
√
β2R)
−
√
β1U2J1(
√
β1R1)
U3
)(
J0(
√
β2r)− J0(
√
β2R
Y0(
√
β2R
)Y0(
√
β2r)
)]
+
Y0(
√
β2r)
Y0(
√
β2R)
. (34)
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where Jn(x) and Yn(x) are respectively the Bessel function of first and second kind. Expressions
for the constants U1, U2, U3, β1 and β2 are given in Appendix A.
The expressions for temperature considering unsteady flow of core and plasma regions respec-
tively, are as follows
θc(r, t) =
[(
U1
(√
β2Y1(
√
β2R1)
U3Y0(
√
β2R)
−
√
β1U2J1(
√
β1R1)
U3
)
+ U2
)
J0(
√
β1(r))
]
eiωt, (35)
θp(r, t) =
[(√
β2Y1(
√
β2R1)
U3Y0(
√
β2R)
−
√
β1U2J1(
√
β1R1)
U3
)(
J0(
√
β2r)− J0(
√
β2R
Y0(
√
β2R
)Y0(
√
β2r)
)]
eiωt
+
Y0(
√
β2r)
Y0(
√
β2R)
eiωt. (36)
The concentration Eqs. (27) and (30) of core and plasma region can be rewritten in the standard
Bessel differential equation form as
∂2σc0
∂r2
+
1
r
∂σc0
∂r
+ γ1σc0 = 0, (37)
∂2σp0
∂r2
+
1
r
∂σp0
∂r
+ γ2σp0 = 0, (38)
The solutions of concentration equations using Bessel functions and satisfying the given boundary
conditions Eq. (23) for both core and plasma regions respectively, are
σc0(r) =
[
U4
(√
γ2Y1(
√
γ2R1)
U6Y0(
√
γ2R)
−
√
γ1U5J1(
√
γ1R1)
U6
)
+ U5
]
J0(
√
γ1(r)), (39)
and
σp0(r) =
[(√
γ2Y1(
√
γ2R1)
U6Y0(
√
γ2R)
−
√
γ1U5J1(
√
γ1R1)
U6
)(
J0(
√
γ2r)−
J0(
√
γ2R
Y0(
√
γ2R
)Y0(
√
γ2r)
)]
(40)
+
Y0(
√
γ2r)
Y0(
√
γ2R)
,
Consequently, concentration for unsteady flow in core and plasma regions are as follows
σc(r, t) =
[
U4
(√
γ2Y1(
√
γ2R1)
U6Y0(
√
γ2R)
−
√
γ1U5J1(
√
γ1R1)
U6
)
+ U5
]
J0(
√
γ1(r))e
iωt, (41)
σp(r, t) =
[(√
γ2Y1(
√
γ2R1)
U6Y0(
√
γ2R)
−
√
γ1U5J1(
√
γ1R1)
U6
)(
J0(
√
γ2r)−
J0(
√
γ2R
Y0(
√
γ2R
)Y0(
√
γ2r)
)]
eiωt
+
Y0(
√
γ2r)
Y0(
√
γ2R)
eiωt, (42)
where expressions for the constants U4, U5, U6, γ1 and γ2 are given in Appendix A.
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To find the solution for velocity profile in core region, we substitute the values of θc0 and σc0 from
Eq. (33) and Eq. (39) into Eq. (25) and get the following non-homogeneous differential equations(
∂2uc0
∂r2
+
1
r
∂uc0
∂r
)
+ λ1uc0 = −
(
P0 +
Grθc0
ρ0
+
Gmσc0
ρ0
)
µ0, (43)
where expressions for λ1 and λ2 are given in Appendix A.
The solution of the Eq. (43) is given as
uc0 = C1J0
√
λ1r + C2Y0
√
λ1r +A1J0
√
λ1r +B1Y0
√
λ1r, (44)
where C1, C2 are the arbitrary constants and A1, A2 are defined as
A1 = −pir
2
∫
Y0
√
λ1r
(
P0 +
Grθc0
ρ0
+
Gmσc0
ρ0
)
µ0 dr,
B1 =
pir
2
∫
J0
√
λ1r
(
P0 +
Grθc0
ρ0
+
Gmσc0
ρ0
)
µ0 dr.
The Eq. (28) can be expressed as
(
∂2up0
∂r2
+
1
r
∂up0
∂r
)
+ λ2up0 = −
(
P0 +
Grθp0
ρ0
+
Gmσp0
ρ0
)
. (45)
So, the solution of the given Eq. (45) can be calculated as
up0 = C3J0
√
λ1r + C4Y0
√
λ1r +A2J0
√
λ1r +B2Y0
√
λ1r, (46)
where C3, C4 are arbitrary constants and A2, B2 are expressed as
A2 = −pir
2
∫
Y0
√
λ2r
(
P0 +
Grθc0
ρ0
+
Gmσc0
ρ0
)
dr,
B2 =
pir
2
∫
J0
√
λ2r
(
P0 +
Grθc0
ρ0
+
Gmσc0
ρ0
)
dr.
After applying the boundary conditions Eq. (23) into the Eqs. (44) and (46), we get C2 = 0 and
the linear system in terms of C1, C3, C4 as J0(√λ1R1) −J0(√λ2R1) −Y0(√λ2R1)0 J0(√λ2R) Y0(√λ2R)
−√λ1J1(
√
λ1R1)
√
λ2J1(
√
λ2R1)
√
λ2Y1(
√
λ2R1)
C1C3
C4
 =
D1D2
D3
 (47)
where D1, D2 and D3 are expressed in Appendix A. Under the given set of boundary conditions
the linear system Eq. (47) admits a unique solution.
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4. Results and discussion
For having adequate insight into the two-phase flow behavior of blood through a stenosed arte-
rial segment, flow resistance, total flow rate, and wall shear stress have been estimated assuming
pulsatile, Newtonian nature of the blood flow for both core and plasma regions. A computational
study has been carried out to show the effects of cell-depleted plasma layer on blood flow with the
variation of different quantities of interest. In all the figures, continuous lines show the respective
profile for the core region while dotted lines display the same for the plasma region. Default values
of the parameters used to graphically analyze the effectiveness of the model are given in Table.1.
Parameters Values(Unit free) Source
Magnetic field Parameter (M) 1.5-3 [37,38]
Schmidt Parameter (Sc) 0.5-1.5 [39]
Radiation Parameter (N) 2-5 [35]
Chemical reaction Parameter (E) 0.5-2 [40]
Peclet Number (Pe) 0.87 [41]
Grashof Number (Gr) 2-3 [40]
Modified Grashof Number (Gm) 2-3 [40]
Ratio of Thermal Conductivity in
core and plasma regions (K0)
0.4-0.8 [17]
Ratio of Specific heat in core and
plasma regions (s0)
1.0 [17]
Ratio of density in core and plasma
regions (ρ0)
1.05 [1]
Ratio of mean radiation absobtion
coefficients in core and plasma re-
gion (α0)
1.0 [17]
Reynold Number(Re) 0.005 [41,42]
Ratio of viscosities in core and
plasma region (µ0)
1.2 [1, 6]
Pressure gradient (P0) 10 [17]
Table 1. Values of the parameters
Figure 2 displays the comparative studies between single phase (where we assume that plasma
and red blood cells are uniformly distributed over the region and their flow dynamics are also
same) and two-phase model of the blood flow with the experimental results of Bugliarello and
Sevilla [43], through their In Vitro experimental study under the steady flow conditions measured
the cell velocity distribution in a fine glass tube for 40% RBC containing blood. The results of
the present model are closer to those of Bugliarello and Sevilla for values δ = 0, Re = 5, Pe = 1,
M = 0 and R1 = 0.7. Comparison of results shows that the two-phase blood flow model (R1 = 0.7)
has a good agreement with the experimental result as compared to single phase data (R1 = 1).
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The comparative data of mean squared errors (MSE) for two-phase and single-phase blood flow
with the experimental data are given as
1
n
n∑
i=1
(ŶEXi −YTi)2 = 0.003094882, (48)
1
n
n∑
i=1
(ŶEXi −YSi)2 = 0.010313676, (49)
where ŶEX represents the experimental data, YT is the two-phase model data and YS is single
phase model data. It is noted that the two-phase model data fit with the experimental data more
appropriately than the single phase model data as it has 0.3% mean squared error while the single
phase model data has 1% mean squared error.
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Figure 2. Comparison of the veloc-
ity profiles of two phase and single
phase blood flow model with the ex-
perimental results of Bugliarello and
Sevilla [43]
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Figure 3. Variation of velocity pro-
file of two phase blood flow with dif-
ferent values of magnetic field pa-
rameter (M), where δ = 0.1, t = 1,
R1 = 0.7
Figure 3 shows the effect of the applied magnetic field on the velocity profile of the blood flow.
It is observed from the figure that as the values of applied magnetic field increase from 0.5 to
3, velocity profiles for both core and plasma regions decrease, respectively. This happens due to
the mature red blood cells which contain the high concentration of hemoglobin molecules in their
content that basically are the oxides of iron. Therefore, when blood flows under the influence of a
magnetic field, erythrocytes orient with their own disk plane parallel to the direction of the applied
magnetic field. This action increases the concentration of red blood cells and causes an increase in
the internal blood viscosity as discussed by Haik et al. [11]. Also, as boundary condition shows the
continuous behavior of the flow at the interface, the reduced velocity of the red blood cells direct
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affects the velocity of the plasma by resulting angular velocity for the plasma fluid. The difference
between the angular velocities of plasma and red blood cell create the viscous torque which results
in the decreased velocity of the plasma region as well. This leads to a decrease in the blood velocity
as Lorentz force opposes the flow of blood [44]. Figure 4 and Figure 5 show the variation of axial
velocity profiles with solutal Grashof number and thermal Grashof number, respectively. It is
observed from the figures that as we increase the value of solutal Grashof number and thermal
Grashof number, velocity profiles increase respectively for both core and plasma regions.
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Figure 6. Variation of temperature
profile for different values of Pe
0 0.2 0.4 0.6 0.8 1
r/R
0
0.2
0.4
0.6
0.8
1
Te
mp
era
tur
e
N=3
N=9
N=6
Figure 7. Variation of temperature
profile for different values of N
Figure 6 illustrates the variations of the temperature profile of the blood flow for different values
of the Peclet number (Pe). It is noticed from the figure that as values of the Peclet number
increase, temperature profile decreases in both core as well as plasma regions. Figure 7 illustrates
the behavior of the temperature profile of the blood flow for different values of the radiation
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Figure 9. Effect of chemical reac-
tion parameter (E) on concentration
profile of two phase blood flow
parameter. The figure depicts that for a particular value of radiation parameter (N), temperature
profile start increases from mid of the artery towards the interface region of the core and plasma
regions and it continuously increases up to the arterial wall. Further, as we increase the values
of the radiation parameter, temperature profile decreases in both core and plasma regions of the
artery. The behavior of temperature profile in the presence of radiation parameter is same as
discussed by [35]. Comparison of the temperature profile for single phase and two-phase model of
blood flow have been displayed in Figure 8, taking parameters value from Table.1. It is clear from
the figure that temperature profile of the two-phase blood flow along the radial direction of the
artery attains lower values than the temperature profile of the single phase model of the blood flow
in which plasma and red blood cells are uniformly distributed over the artery.
Figure 9 and Figure 10 under the purview of the present computational study reveal that the
concentration profiles for both core and plasma regions decrease with increasing values of the
chemical reaction parameter and Schmidt number, respectively. Concentration profile increases for
fixed values of chemical reaction parameter and Schmidt number as we move from the mid of the
artery towards the interface region and further up to the arterial wall. Concentration profile shows
this behavior because higher values of chemical reaction parameter result a fall into the molecular
diffusivity which directly suppresses the species concentration. Figure 11 shows the comparison for
the concentration profile of the single-phase blood flow (R1 = 1) and for the two-phase blood flow
(R1 = 0.7). It is clear from the figure that, concentration profile along the radial direction of the
artery attains higher values for single phase blood flow (in which blood components are uniformly
distributed over the artery) than the two-phase model of the blood flow.
In the study of stenosed arterial blood flow, wall shear stress is a major flow component to
measure [45] as in the artery, vascular tissue shows histological and morphological alterations when
it is physically stressed. The shear stress at the interface wall of core and the plasma region is
16 BHAVYA TRIPATHI1∗, BHUPENDRA KUMAR SHARMA1 AND MADHU SHARMA2
0 0.2 0.4 0.6 0.8 1
r/R
0.7
0.75
0.8
0.85
0.9
0.95
1
Co
nc
en
tra
tio
n
Sc=2
Sc=0.5
Sc=1.5
Figure 10. Effects of Schmidt num-
ber (Sc) on concentration profile of
two phase blood flow
0 0.5 1
r/R
0.88
0.9
0.92
0.94
0.96
0.98
1
Co
nc
en
tra
tio
n
Single phase model
Two phase model
Figure 11. Comparison of concen-
tration profiles of two phase and sin-
gle phase blood flow
0.5 1 1.5 2 2.5 3
t
-6
-4
-2
0
2
4
6
τ
Re=0.405
Re=0.005
Re=0.205
Figure 12. Variation of wall shear
stress with time for different values
of Re
0 5 10
t
-6
-4
-2
0
2
4
6
τ
M=0.5
M=3
M=0.75
Figure 13. Variation of wall shear
stress with time for different values
of M
obtained as
τ =
(
∂uc
∂r
)
R1
. (50)
At the outer wall of the artery shear stress is determined as
τ ′ =
1
µ0
(
∂up
∂r
)
R0
, (51)
where µ0 is the ratio of the viscosity in plasma and core regions, respectively.
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For unsteady blood flow Figure 12 displays the variation of wall shear stress along with the
time, for different values of the Reynolds number. It is clearly observed from the figure that as
the Reynolds number increases from 0.005 to 0.405 along with the time cycle, shear stress at the
wall of the artery also increases. Here, we consider only the plasma velocity to evaluate the wall
shear stress in the stenosed artery due to the existence of the plasma layer near the arterial wall.
Figure 13 depicts the variation of wall shear stress along with time for different values of the applied
magnetic field. From the figure, it is clear that for different values of the magnetic field parameter
wall shear stress shows the oscillatory behavior due to the pulsatile nature of the blood flow.
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The total volumetric flow rate of the blood flow in the artery is calculated as
Q = 2piR2
∫ R1
0
uc(r, t)dr + 2piR
2
∫ R
R1
up(r, t)dr. (52)
Figure 14 and Figure 15 show the flow rate profile of the blood flow along with time t for different
values of the radiation and magnetic parameter, respectively. These figures reveal that for increasing
values of the radiation and magnetic field parameter, flow rate decreases. Flow rate displays this
behavior with magnetic parameter because blood behaves as electrically conducting fluid which
induces electric as well as the magnetic field when it flows under the influence of the magnetic field.
Therefore, the combined effect of both the forces produces a body force known as “Lorentz force”,
which has the tendency to oppose the fluid motion [46].
The flow impedance gives the strong correlation between the localization of stenosis and arterial
wall as it is important to understand the development of arterial disease. Flow resistance in two-
phase blood flow is calculated as
λ =
∫ z
0
P0e
iωt
Q
dz, (53)
Figure 16 and Figure 17 show the impedance profile against the axial distance for different values
of the radiation and magnetic parameter, respectively. It is observed that as values of the radiation
parameter increase from 2 to 6, the total impedance of the blood flow decreases while the reverse
effect is observed for the magnetic parameter.
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Now, to observe the phase difference between pressure gradient and flow rate for pulsatile flow,
expression of the longitudinal impedance (which relates the forces acting on blood due to the local
pressure gradient with the movement of the blood) is used as
Zl = − 1
Q
(
∂p
∂z
)
(54)
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where Q is the flow rate. For pulsatile flow, impedance function is very important in the analysis
of wave propagation, reflection of pressure and flow pulses traveling through an arterial system.
Figure 18 and Figure 19 display the phase difference between the pressure gradient and flow rate
with the magnetic field parameter and the variable height of the stenosis, respectively. Figure 18
shows that Arg(Zl) decreases with increase in the magnetic field parameter (M). For smaller
values of magnetic field parameter phase difference between the pressure gradient and the flow rate
is pi12 . From the same figure, it is concluded that for higher values of the magnetic field parameter
(M > 0.5) phase difference is decreasing between pressure gradient and flow rate. Figure 19
illustrates that Arg(Zl) significantly decreases as the height of the stenosis increases. Further, the
figure reveals that the pressure gradient and flow rate are in the phase difference of pi4 in the absence
of stenosis in the arterial segment and it slowly decreases as the height of the stenosis increases.
Figure 20. Two
phase blood flow
analysis for 10% steno-
sis
Figure 21. Two
phase blood flow
analysis for 20% steno-
sis
Figure 22. Two
phase blood flow
analysis for 30% steno-
sis
Figure 20 to Figure 25 emphasize on displaying the contour plots for the two-phase model of the
blood flow through the constricted part of the artery under the action of an applied magnetic field.
Under a range of hemodynamic flow, all the contour plots have been plotted using the data given
in Table.1. Figure 20 to Figure 22 show the velocity contour along the axial direction of the artery
as blockage of the artery increases while considering the fixed value of the applied magnetic field
as M = 1. These figures illustrate the flow patterns of blood in different positions of the artery,
viz., entry section, onset, throat and downstream of the stenosis, outlet, where diseased part of the
artery varies from z = 0.5 to z = 1.5 along the artery. It can be clearly noticed from the figures that
as blockage of the artery increases the velocity contours strongly gets distorted at the downstream
and slowly appearing trapping bolus shift toward the arterial wall, thereby velocity decreases. For
unsteady flow, Figure 23 to Figure 25 exhibit the flow patterns of blood through the contours of
the two-phase blood flow against time for different values of the Reynolds number. These figures
capture flow circulation at 10% constriction of the artery when Reynold number varies from Re = 5
to Re = 50. It is observed that the region of flow circulation is small when Re = 5 and flow become
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Figure 23. Two
phase blood flow
analysis at Re = 10
Figure 24. Two
phase blood flow
analysis at Re = 30
Figure 25. Two
phase blood flow
analysis at Re = 50
turbulent for high values of Reynold number and it makes flow locally unstable with respect to
large-scale of disturbances as discussed by Ahmed and Giddens [47].
Conclusion
The main focus of the present study is to investigate the combined effects of the plasma layer
thickness, heat and mass transfer on the blood flow through narrow stenosed arteries. Effects of
different parameters such as magnetic field, radiation and chemical reaction on flow have been
presented for core and plasma regions separately. Important findings obtained from the graphical
results are listed herewith:
(1) The velocity of the blood flow in narrow arteries decreases as values of the magnetic field
parameter increase and velocity of plasma region attains lower value than the core region.
The given result is very much applicable in the medical field, since during the surgical
process in narrow arteries blood flow can be regulated at the desired level.
(2) Increase in the peripheral plasma layer thickness leads to decrease velocity, temperature
and concentration profile of the blood flow.
(3) The temperature of the blood flow reduces to an appreciable extent in both core and plasma
regions, as the values of the radiation parameter increase. Hence, the present study reveals
that the temperature of blood flow can be regulated in the narrow arteries by reducing or
increasing the effects of the radiation parameter. The result is very much useful in radiation
therapy which is used to treat cancer.
(4) The concentration profile decreases with increasing the chemical reaction parameter. This
happens due to increased molecular diffusivity which directly suppresses the concentration
profile of the flow.
(5) The investigation shows that Peclet and Schmidt number have reducing effects on temper-
ature and concentration of the blood flow, respectively.
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(6) The high intensity of magnetic field causes reduction of the flow rate while it has an en-
hancing effect on flow impedance.
(7) Both flow rate and flow impedance decrease as values of the radiation parameter increase.
(8) A comparative study between the present result and the experimental result of the cell
velocity distribution of 40% RBC containing blood validate the present model. The com-
parative result shows that the present result gives the good agreement with the experimental
results.
(9) For pulsatile flow, the phase difference between the pressure gradient and flow rate decreases
with applied magnetic field and height of the stenosis.
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Appendix A
β1 = −
(
K0N
2
α0
+ i
Pe
ρ0
(
K0
s0
))
, β2 = −
(
N2 + iPe
)
.
γ1 = −
(
iReD0Sc +
E
E0
D0Sc
)
, γ2 = − (iReSc + ESc)
λ1 = −
(
M2 +
µ0Re
ρ0
i
)
λ2 = −
(
M2 +Rei
)
(55)
U1 =
(
J0(
√
β2R1)
J0(
√
β1R1)
− J0(
√
β2R)
Y0(
√
β2R)
Y0(
√
β2R1)
J0(
√
β1R1)
)
, U2 =
Y0(
√
β2R1))
J0(
√
β1R1)Y0(
√
β2R)
U3 =
√
β1U1J1(
√
β1R1)−
√
β2
(
J1(
√
β2R1)− J0(
√
β2R)
Y0(
√
β2R)
Y1(
√
β2R1)
)
U4 =
(
J0(
√
γ2R1)
J0(
√
γ1R1)
− J0(
√
γ2R)
J0(
√
γ1R1)
Y0(
√
γ2R1)
Y0(
√
γ2R)
)
, U5 =
Y0(
√
γ2R1))
J0(
√
γ1R1)Y0(
√
γ2R)
U6 =
√
γ1U5J1(
√
γ1R1)−√γ2
(
J1(
√
γ2R1)−
J0(
√
γ2R)
Y0(
√
γ2R)
.Y1(
√
γ2R1)
)
D1 = −A1(R1)J0(
√
λ1R1)−B1(R1)Y0(
√
λ1R1) +A2(R1)J0(
√
λ2R1) +B2(R1)Y0(
√
λ2R1)
D2 = −A2(R)J0(
√
λ2R)−B2(R)Y0(
√
λ2R)
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D3 = −∂A1(R1)
∂r
J0(
√
λ1R1) +A1(R1)
√
λ1J1(
√
λ1R1)− ∂B1(R1)
∂r
Y0(
√
λ1R1)
+B1(R1)
√
λ1Y1(
√
λ1R1) +
∂A2(R1)
∂r
J0(
√
λ2R1) +
∂B2(R1)
∂r
Y0(
√
λ2R1)
−A2(R1)
√
λ2J1(
√
λ2R1)−B2(R1)
√
λ2Y1(
√
λ2R1)
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